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Abstract: This paper establishes a data-driven solution for infinite horizon linear quadratic
Gaussian Mean Field Games with network-coupled heterogeneous agent populations where the
dynamics of the agents are unknown. The solution technique relies on Integral Reinforcement
Learning and Kleinman’s iteration for solving algebraic Riccati equations (ARE). The resulting
algorithm uses trajectory data to generate network-coupled MFG strategies for agents and does
not require parameters of agents’ dynamics. Under technical conditions on the persistency of
excitation and on the existence of unique stabilizing solution to the corresponding AREs, the
learned network-coupled MFG strategies are shown to converge to their true values.
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1. INTRODUCTION

Large-scale systems composed of heterogeneous agent pop-
ulations, such as renewable energy grids with different
types of renewable sources and various types of users, and
autonomous vehicle networks with different types of vehi-
cles, naturally arise in the transition to sustainable energy
systems. Such systems motivate the modelling and the
strategy design in this paper for heterogeneous populations
of strategically competitive agents.

To achieve tractable strategy design for large popula-
tions of competitive agents, Mean Field Game (MFG)
theory was proposed by Huang et al. (2006, 2007) and
independently by Lasry and Lions (2006, 2007). In the
linear-quadratic-Gaussian (LQG) case, the MFG solution
involves solving coupled Riccati equations in (Huang et al.,
2007; Huang, 2010). MFG problems with multiple classes
have been investigated in (Huang et al., 2006, 2007; Huang,
2010) and MFGs with network interactions in e.g. (Huang
et al., 2010; Gao et al., 2023).

For MFGs where the dynamics of agents are unknown,
several data-driven solutions have been established. In
continuous-time settings, adaptive control techniques with
system identification have been applied to MFGs with
heterogeneous populations with mean field cost couplings
by Kizilkale and Caines (2012), and integral reinforcement
learning (IRL) has been used by Xu et al. (2023, 2025a); Li
et al. (2025) to generate the data-driven strategies for LQG
mean field game problems without system identification,
where a homogeneous population of agents with mean field
coupling is assumed. For discrete-time MFGs, standard
reinforcement learning techniques have been employed in
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(Subramanian and Mahajan, 2019; Guo et al., 2019; Fu
et al., 2019; Zaman et al., 2020, 2023; Angiuli et al., 2022).

IRL was developed to generate data-driven optimal control
solutions for continuous-time systems with unknown dy-
namics (e.g. partially unknown nonlinear dynamics (Vra-
bie and Lewis, 2009), completely unknown linear dynamics
(Jiang and Jiang, 2012) and stochastic dynamics (Li et al.,
2022)). Such a data-driven technique also applies to multi-
agent systems with unknown dynamics in (Vamvoudakis
and Lewis, 2011) and cases with heterogeneous agents in
(Modares et al., 2016). In the context of mean field control
with agent populations, IRL was used for continuous-time
problems in (Xu et al., 2025b) whereas standard reinforce-
ment learning has been empolyed in (Subramanian and
Mahajan, 2019; Carmona et al., 2019; Angiuli et al., 2022)
for discrete-time problems.

Contribution: This current paper establishes (a) the
LQG-MFG strategies with multi-class heterogeneous pop-
ulations with inter-class network couplings and (b) an IRL
algorithm for learning the agent strategies from trajectory
data, extending the IRL algorithm for homogeneous LQG-
MFG by Xu et al. (2023, 2025a). The heterogeneity of
agent classes and the network interaction lead to a new set
of algebraic Riccati equations (ARE), one for each class,
and one capturing cross-class interactions, all of which can
be learned simultaneously using the proposed algorithm
from trajectory data without knowing the parameters of
the underlying system dynamics.

Notation and Definition: R and N denote the set
of real and nonzero natural numbers respectively. For
a random variable x, T denotes its expectation T =
[E [z]. For a matrix A, AT denotes its transpose. For any
n,m € N, let I, € R""™ denote the identity matrix,



0, xm € R™™ the zero matrix, and 1,x.,, € R™*™ the
matrix of ones. For a matrix A € R™*", vec(A4) corre-
sponds to the mn-dimensional vector formed by stacking
the columns of A on top of each other. ® denotes the
Kronecker product between two matrices. A = 0 (resp.
A > 0) denotes that matrix A is positive semidefinite
(resp. positive definite). diag(Mj, ..., My ) denotes the ma-
trix with diagonal blocks M7, -+ , My and zero elsewhere.
For K,ni,m;, N,M € N, M = [My] € RV*M where
N = Z,I::l ng and M = Z{il my, denotes a block matrix
with blocks My, € R™*™ with k,l € {1, ..., K}.

Consider a matrix A € R¥**. A is called strong (k1,k2)
c-splitting if, of its k = ki + ko eigenvalues, it has k;
eigenvalues in the open left half plane, and ko in the
open right half plane, with none on the imaginary axis.
An [-dimensional subspace (with | < k) of A denoted
by V of RF is an invariant subspace if AV C V; in this
case, AV = V Ay for some Ay € R™*! where V e RFx!
and span(V) = V. If Ay is Hurwitz, V is called a stable
invariant subspace. An [-dimensional subspace (with [ < k)
of A € RF** is called a graph subspace if it’s spanned by
the columns of a k£ x [ matrix whose first [ rows form an
invertible submatrix (see Huang and Zhou (2020)).

2. PROBLEM FORMULATION

Consider a population of agents grouped into K classes,
where each class k € {1,...,K} contains a large number
of identical agents. Let ¢ denotes the number of agents in
class k. An agent ay ; of class k£ has dynamics given by
dacm(t) = (Akxkﬂ'(t) + Bkukyi(t))dt + Dkdwk,i(t) (1)
where z;(t) € R™ and u;(t) € R™ are the states
and control inputs respectively, and wy ;(t) € R¥ is a
standard Wiener process. A, B and Dy are system
matrices for class k, which are all assumed to be unknown.
For simplicity of presentation, we omit the time index
hereafter. An agent ay ; seeks to find the control uy ; that
minimizes the class-specific discounted cost functional

Je(ug) = E/ e (f;—,iQkik,i + uziRkuk,i) dt  (2)
0

where Ty, = Ti; — Zn/i=1 Hy,,T,, is the tracking error
With Z,, = 2= 3" @i, Qr = Q) = 0 and Ry, = Rj >
0 the class-specific state cost and control cost matrices
respectively, p > 0 is the discount factor, and Hy,, €
R™:*"m ig a class-mean coupling matrix representing how
the states of an agent of class k depends on the means of
the states of class m. The resulting H = [Hy,,] € RV*N
with N = Zle ny is the network coupling matrix.

Remark 1. In the special case where the agents have
homogeneous state dimensions ny = n for all k and are

to track the global mean field z(t), defined as the convex
combination of the mean of all classes

K K
i’(t):ZTrki‘k(t), e > 0, Z’]Tk:]. (3)
k=1 k=1

where Zj(t) is the mean of all agents belonging to class k
and 7y are scalar weights, then the coupling matrices Hy,,
are to be chosen such that

Hyp = I, for all k,m e {1,...,K}.

Assumption 1. The pair (A — %p[n,Bk) is stabilizable
1

and the pair (A; — %p[n,Qg) is observable for all class

ked{l,.. K}

The following block diagonal matrices are then defined.
A:diag(Al,...,A)C), B:diag(Bl,...,BK;),
Q = diag(Ql, “eay QIC)7 R = diag(Rl, ... ,RIC),
where A, Q € RV*N B e RV*M and R € RM*M with

K K
M:ka and N:an.
k=1 k=1

Remark 2. Clearly R > 0. In addition, under Assump-
tion 1, the pair (A — $pIy, B) is stabilizable and the pair
(A-— % pIn, Q) is observable as an immediate consequence.

Assumption 2. The eigenvalues of the Hamiltonian matrix
Hq € R2V*2N defined by

1
.A - *pIN
HQ - 2 1
—Q(In —H) —AT+§pIN

are strong (N,N) c-splitting, and the associated N-
dimensional stable invariant subspace is a graph subspace.

—-BR'BT
c RQNXQN (4)

Following the fixed point approach in (Huang et al., 2007;
Huang and Zhou, 2020), we let the population size in all
classes go to infinity and solve the corresponding limit
problem, which generates the following MFG strategy.
Proposition 1. Under Assumptions 1 and 2, the MFG
strategy of a generic agent ay; in class k € {1,..., K} exists
and is uniquely given by

ugi(t) = =R By (Peayi + i) (5)
where P, = 0 and s, = 22:1 11}, T follow from the
solutions to the following algebraic equations

pP=Q+PA+A"P-PBR'B'P (6a)
pll = —QH +TI(A - BR™'BT (P +10))
T —1pT (6b)
+ (A" —=PBR B )II
and the mean field dynamics

X=A-BR'BT(P+II)X (7)

with P € RNV X € RY given by
P =diag(P1,...,Pc), X=[z{,...,2¢]",

and II = [I,,] € RV*V.
See Appendix A for the detailed proof.

By defining @ = P +II and summing the two equations in
(6), the coupled equations are reduced to a set of decoupled
Algebraic Riccati Equations (AREs) in P and Q:

pP=Q+PA+A"P-PBR'BTP (8a)
pP=0(Iy —H)+ QA+ ATQ-QBR'BTQ  (8b)
where P and ) can be solved simultaneously and II

obtained by II = Q2 — P.

A solution to (8b) is called stabilizing if the closed-loop
matrix A — %pIN — BR™'BTQ is Hurwitz. Assumption 2
ensures the existence of a unique stabilizing solution 2 to
(8b) following (Huang and Zhou, 2020, Thm. 18).

Since all involved matrices in (8a) are block diagonal, P
can be solved class by class by simultaneously solving for



Py, for each class k, where Py, is the solution to the following
class-specific ARE

PPy = Qy + PoAx + A Py — PyBLR.'B/ Pi.  (9)

3. DATA-DRIVEN MULTI-CLASS LQG-MFG WITH
COMPLETELY UNKNOWN DYNAMICS

To establish the multi-class LQG-MFG strategy purely
based on trajectory data, we adapt the data-driven ap-
proach developed by Jiang and Jiang (2012) for linear
quadratic control problems and later applied to single class
LQG-MFGs by Xu et al. (2023, 2025a). This approach
combines the Kleinman algorithm (Kleinman, 1968) for
iteratively solving symmetric ARE and the IRL technique
for updating strategies based on trajectory data.

Since the data-driven method based on (Jiang and Jiang,
2012; Xu et al., 2023) requires the ARE to be symmetric,
we introduce the following assumption.

Assumption 3. The matrix Q(Iy — H) is symmetric.

Kleinman’s Iteration Procedure: Under Assumptions
1,2 and 3, initially stabilizing gains ng)k and Egj) can be
selected. An iterative procedure is then formed to solve
equation (9) for Py, for all k, and (8b) for Q. Equations
(9) and (8b) can thus be solved iteratively by

pP) = P (A, = BiLipy V) + (Aw = BiLp, ) TR

+ (LN TRLE Y + Qu (10a)
PO = QO (A - BLE) + (A= BLE)TQ®
+(LGTNTRLY TV + oy — H) (10b)

where Lgf,)k = R,;lBkTP,ie) and Eg) =R 'BTQY. P can
then be reconstructed by P = diag(Py, ..., Px).

Proposition 2. Under Assumptions 1,2 and 3, the resulting
matrices P,ge), Q,(f), Lg,f’)k and £§f) from the Kleinman’s
iteration procedure above satisfy the following properties:

(1) Ak — 4pl,, — BrLY) and A — LpIy — BLS are
Hurwitz,

2) Py < P < P and 0 < Q) < 0O,

(3) limgyoe L), = L, limgsos P = P,
limyse L2 = £, and limy_, o, QO = Q*, 0

where P} is the unique positive definite solution to the
ARE (9) for class k € {1,2,..,K} and Q* the unique
stablizing solution to (8b).

Proof. Since the class-specific AREs (9) form K inde-
pendent standard Riccati equations associated with LQR
problems, the convergence of the iteration for Pj follows
directly from (Kleinman, 1968). The ARE for 2 in (8b)
corresponds to a global LQR problem with a state penalty
matrix Q(In — H), which may be indefinite. Under As-
sumptions 1, 2, and 3, the convergence of the policy
iteration for Q follows from (Xu et al., 2025a, Lemma
4.1), which extends Kleinman’s iteration to symmetric
indefinite AREs.

In order to solve the AREs without the knowledge of
system dynamics, a representative agent ax i is selected
for each class k, and X = [a:Il,x;h...,a:gl]T € RV

is defined as the augmented states vector, and U =
[uIl, u{l, ... ,ugl]—r € RM  the augmented control inputs
vector. The value function ansatzs for each P, and another

for 2 are respectively defined as follows:

Uy (b, k1) = efptxgij,y)ka (11a)
Uy(t, X) =ePtxTo0x. (11b)
Under Assumption 1, a control input
Ut) = a(t) = laf (), ac (0]
= —LOx) +1(t) (12)

can be selected, where «(t) denotes the control in-
put during the learning phase, composed of an ini-

tially stabilizing global gain Eg) ) such that A — %p[ N —
BES)) is Hurwitz, and a global exploratory noise I(t) =
li11(t), -l 1m, (1)) T € RM composed of independent
noise inputs for all elements of U(t). The associated L,(CO)
included in ES) ) are also selected to be initially stabilizing

gain for each class k such that Ay — %pIn,c — BkL,(CO) are

Hurwitz. The dynamics of the representative agents and
the augmented states are given by

dack,l(t) = (Akwk}l(t) + Bkak’l(t))dt + Dkdwk}l(t) (13&)
dX(t) = (AX(t) + Ba(t)) dt + DAW (13b)
where

D = diag(Dy, ... W) = [w] 1 (£),. .., w1 (D]

Applying Itd’s formula to (11), and using (10) and (13),
we obtain
AW = e | = ol (L) TReLE Vs (14a)

{— 4
— o1 Qe + 2 + LG, Vo) TRILE w

+ Tr(DkD,jP,EZ))] dt +2¢ "'z P Dydwy

AUy = ="t [ XTI TRV (14b)

— XTIy —H)X +2(a+ LY V) TRLY x
+ Tr(DDTQ“))} dt + 2~ X TQODAW.

Let At denote the length of integration chosen for trans-
forming the trajectory data. Integrating both sides for a
time interval [¢t,¢ + At] and taking its expectation, the
expectation of the integral forms of (14) is given by

A\Iﬂi,k = - é,k + 2If,P,k + Ié,P,k
AV, = —Tj + 217 o + T
where the terms for (15a) are defined by
AU, =E[e P05 (¢ 4+ At Pz (1 + At)
_ ‘
—e Pl ()P (1))

(15a)
(15b)

t+At
Tiw=E / e el () TR, + Qu)apa |dr
t
t+At (571) (g)
I{,P,k = E/ e_pT(ak,l + LP,k xk’l)TRkLP’kl‘k’ldT
t
T4 pr = L(e Pt — e P20 Te(D D] PY),

P
and the terms for (15b) are defined by

AUL =E[e P02 T (1 + A)QO X (1 + At)



—e !XTV x(1))]
t+At
It _ E/ e PT {XT((Lg—l))TREg—l)
t
+O(Iy — H))X} dr
t+At y y
Tig = IE/ e (a+ LYV TRLY xdr
t

To=2(e? —e PN T (DDTQW).

Equations (15) can be expressed using the Kronecker
product representation, which yields

0= (05,) P + 0105, (16a)
(@) veel (L) RLEY + Q)
= 2|(Za )" (In, ® Ry)
(T (o ® (L) T R | vee(K L))
0= (84,,) QO + 60 (16b)
+ (Thy) T vee((LSNTRLE™Y + Q(Iy — H))
—2[(Tha)T(Iv ® R)
+ (Thex) (v @ (£47)TR)| vee(£)
where the terms for the equation for (16a) are
13152) = [PIE,ZI)D 2P15,£1)27 - 2PI§€1)nk7
PO, PO T e RTH
Tpa = [:c%, 22122, ..., 2012,
x%, .. 7{L‘ik]—r S RW7 where x; = 2515
6tp}k ]E[e p(t"’m)xk 1(t+ At) —e P31 (t )] € Rnk(nkﬂ)
t+At
I, =E / e PT(wpy @ g )dr| € R™
t t+At
Ifm’k =F /t e T (xp1 ® ag)dr| € R

(5; = PUHAY _ o=rt c R
1
o) = ;Tr(DkD,jP,ﬁ‘)) €R

and the terms for (16b) are

A 4 4 4

0O = [ 20, ..., 209,
o), 00T erTET

X = [X,2X1 X, ..., 20 Xy,

x2,...,x2) " erTEE
06, =E[e PUTAVX (L + At) — e "' X(t)] €R

N(N+1)
2

t+At 5
Thx =E / e PT(X @ X)dr| e RN
t

t+AL
74, =E / e P (X @a)dr| e RVM
t

5; = PUHAY _ o=rt c R

04, = L T(DDTQ®) e R,

Using | € N time steps associated with real-time data, the
following matrices are defined

A= [0, 00, T € R

Ay =[5, 08]T e RXTFH

Do = =2(TL%, s oty (T @ (L) T R)
—2T3 k5 ity 1] T (Iny, ® Ry) € R

Dy ==2TRy,.. . T (v @ (£5Y)TR)
—2(Z% .., IT% )T (Iy @ R) € RXVM

Ay, =~ xék’--ﬂi&k]
vec((LY, ) TReLE Y + Q) € R

Ay = —[I;X,...,Iggx]

vee((LENTRLE™ + Q(Iy — H)) € R
Ag=1[6,...,00]" eR!

and equations (16), using the data from [ time steps, can
be expressed as

0= Alkp]ge) + AQkVGC(Lg7)k) + Aﬁog)k - A4k (17&)
0= A0 + Agvee(LY) + A8 — As. (17b)

Equation (17) can then be reformulated as the matrix form

PO T
k
[Ark Agi Ag] |vec(Lip)) | = Au (18a)
— |
=1,k P,k
a0
[A1 Az Ag] vec(ﬁg)) = As. (18b)

We introduce the following assumption regarding the re-
quirement for the trajectory data.

Assumption 4. There exists an integer L > 0 such that for
[ > L, the matrices

Tho Tt . Th

1 2 1
I:va k I:ba,k . Iza k
DA 5t

o e

are of rank W + mpni + 1 for all class k£ and the
matrix

t1 to 11
ItXX Z);XX ZtXX
1 2 1
Ionk IXak Ion,k

t1 tz t;
d, 67 ... 9

NOAD 4 NM + 1.

Remark 3. Assumptlon 4 ensures that (18) have unique
solutions. In practice, it can be satisfied by injecting
exploration noise into the control input during the learning
phase, such as Gaussian noise, or a sum of sinusoids, as
shown in (Jiang and Jiang, 2012) and (Xu et al., 2023).

is of rank

The multi-class LQG-MFG integral reinforcement learning
can thus be formulated in Algorithm 1.

Remark 4. (Trajectory Data Required by the Algorithm).
The data-driven algorithm requires multiple trajectories of
the states and control inputs of the representative agent
ag,1 of class k for all k € {1,--- ,K}. These trajectories



Algorithm 1 Multi-class Mean Field Games Integral
Reinforcement Learning

Initializagion: o
Choose Egz) s.t. A— %pIN —Bﬁg) is Hurwitz and s.t. the

associated class-specific LSDO),C ensure Ay — %ank —Bkng)k

are Hurwitz for all k.
Select representative agents ay for all class k, set
threshold e, and set iteration counter ¢ = 1.

Data Collection:

Apply U(t) = —Eg)))((t) + I(t) to global system com-
posed of selected agents.

Compute data vectors 0p i, Zoa k) Zea,k, Lx X s Lx a, 6t for
tj, j € {1,...,1} until rank(Z; ;) and rank(Z;) satisfy
persistence of excitation. (Assumption 4)

Policy Iteration:

repeat
Solve for class-specific parameters:
O
vee(LW)) | = (B Z1r) 2] yAu,  for all k. (19)
¢
o)
Solve for global parameters:
OW
vee(L) | = (25 82)1E] As. (20)
Q)
Q

Update £ <+ £+ 1
until [P~ PV < e for all k & |20 -V < ¢

are defined for the interval [t1, t; + At] and satisfy Assump-
tion 4. Using a large finite number of trajectories, the mean
of data integrals in 0p x, Zyg ks Zaa, ks 00, Lx x and Zg, can
approximate their expectations.

4. NUMERICAL EXAMPLE

A numerical simulation for learning multi-class LQG-MFG
gain matrices using Algorithm 1 is carried out. The param-
eters of the problems are given in Table 1.

Table 1. Class-Specific Parameters

Parameter Class 1 Class 2 Class 3
N [ 0 10} o) [o _4}
k — — —

10 -3 _9 _3 _5 3 —6

0 0
By Eg] 0 1.0 [g(ﬂ
’ 1.0 0.5 ’

Dy, 0.115 0.115 0.115
Qr diag(20, 10) diag(10, 15, 20) diag(30, 20)
Ry 0.8 diag(0.5,0.7) 0.6
Pk 0.1 0.1 0.1

The global interaction matrix H is chosen to ensure As-
sumptions 2 and 3 are respected. By eigen decomposition
of matrix @ = UAU ", where U is the matrix where the

columns are the eigenvectors of Q, and A is a diagonal
matrix where the diagonal elements are the corresponding
eigenvalues, then

H = (UAUHUAUT). (21)
The normalized interaction matrix H is constructed as a
block matrix

Hyy Hoyy Hyz| = H
Hszy H3zp Hss max

where A, is the largest eigenvalue of H. Diagonal blocks
are defined such that Hy,, = Oy, xn,, if & = m, indicating
no self-coupling within each class. The remaining blocks,
representing inter-class coupling between the first two
states of each class, are defined as

1
Hyy = 3 [I2 Ooy1], Ha = Hjy,

1
Hsp = 3 [I> 02x1], Hag = Hgy,

7:([:

1 [Hu Hiz His 1
(22)

AIH&X

1
Hy3=H3 = 512-

Under Assumptions 1-3, the AREs (9) and (8b) admit
unique positive-definite solutions Py and €2, respectively.

To run the model-free Algorithm 1, a representative agent
a1 is selected for all k classes. The initial states and initial
gains are the same for each class

L](CO) = Omkxnk xk,l(o) = 1nk><1

and £ = diag(L\”,..., L\").

Using an exploration noise U(t) = a(t) = —/JS))X(t) +
I(t), where each channel [ 1,(¢t) for each class k €
{1,...,K} and each control input channel i € {1,...,my}
is composed by a sum of sinusoids, such that l;1,(t) =
Z?O:()l Aesin(w;t) where w; is selected uniformly randomly
in [—100,100] and independently across agents and chan-
nels, and A, = 25. The global system composed of agents
ay,1 runs 100 times for 20 s. Algorithm 1 is then carried
out, with ¢ = 107°. The results are presented in Tables
2 and 3. The convergence of the matrices (Lpy, P;) and
(L, Q) to their ground truth values is plotted in Fig. 1.

Table 2. Comparison of Learned Parameters vs.
Ground Truth for Individual Classes (Lp, Px)

Parameter Learned (IRL) Ground Truth
Lp1 [3.9969, 2.7750] [3.9608, 2.7376]
p 2.8624 0.3584 2.8102 0.3584
! 0.3584 1.8810 0.3584 1.8316
I —0.4359 —0.6928 2.9514| [—0.4233 —0.6794 2.9314
P2 3.6698 5.5736 0.5743 3.6677 5.5738 0.5616
13.4680 2.6812 —0.2104]| 13.4070 2.6732 —0.2117
P 2.6812 4.0818 —0.3260|| 2.6732 4.0715 —0.3397
—0.2104 —0.3260 1.5024 [| —0.2117 —0.3397 1.4657
Lp3s [—3.6928,6.0612] [—3.6908, 6.0446]
Pp. 10.2930 —3.4970 10.2340 —3.4672
3 —3.4970 2.1593 —3.4672 2.1335

By iteration 11, all matrices have converged to the fixed
threshold e, and the Frobenius norm error of the learned
matrices to their ground truth obtained using MATLAB’s
care() function is small. Individual elements, a sample of



Table 3. Comparison of Selected Parameters

for (Lq,
Parameter Learned (IRL) Ground Truth Error
Q1,1 2.7679 2.7111 0.0568
2Q1 2 0.6943 0.7514 0.0571
20,3 -1.2242 -1.2599 0.0357
Q6,6 9.6314 9.5677 0.0637
Lo1,1 3.9079 3.8585 0.0494
Lo,2 2.7259 2.7032 0.0227
Loo23 -0.5188 -0.4515 0.0673
La36 -1.3534 -1.3572 0.0038
Class 1 Value (P) Class 1 Gain (L)
E 10° E 10°
« s
o - &
7 1 3 4 5 6 7
Class 2 Value (P) 10 Class 2 Gain (L)
EN T\s\s\s\ EN 100
e ES
TR e s 4 s 6 7 s 9 10
Class 3 Value (P) Class 3 Gain (L)
5 10° FIRLs
K s
1 2 3 4 s T o s 4 s 6 7 e

Global Stacked Value (£2) Global Stacked Gain (L)

10
mg_?_g_g_ﬁ A—A—A—4
1 2 3 4 5 1 2 3 4 5 6 7 8 9 101

Iteration Number

nsz ErrH
IIK,, Erll
>
>,

>

Fig. 1. Convergence analysis of the IRL algorithm for local
class-level results and global system-level results

which is presented in Tables 2 and 3, are also close to their
ground truth value.

Similar to the methodology of Xu et al. (2023), the
mean field trajectories are computed offline using the
learned control gams A representative augmented state
X =[z],,2,,23,]" € RY is simulated N, = 100 times
using the learned global feedback law o = —LoX with
initial states X'(0) = 17x1. The empirical mean field is
then constructed as X(Ve)(t) A%Z?’; X;(t), where
X;(t) is the trajectory from the j-th run. By the law
of large numbers X(Ve)(t) — X(t) as Ny — oo. The
class-specific mean fields Z(t) are approximated as the
corresponding subvectors of XV+)(¢) and the global mean
field corresponds to their average.

For validation, a finite population of 50 agents per class is
simulated, with all initial states located uniformly in [0.5,
1.5]. The agents are simulated using control input

pi(t) = —Lppay,i(t) — L X ®O(t), (23)
where L i € R™*N ig the k-th block row of the matrix

Ln=Lo—Lp€E RMXN, with Lp = diag(Lp’l, ceey LP,IC) €
RMXN.

The results comparing trajectories using learned gains to
those using gains computed by care() serving as ground
truth, are presented in Fig. 2. Class-specific plots show the

resulting empirical class mean field xk Ne) , and the shaded
area shows the spread of the agents around the mean (£2
standard deviations).
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Time (s) Time (s)
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X
~ ! 1
g 0.5 0.5
O 9 0
0 5 10 0 5 10
Time (s) Time (s)
— 1.5[ 1.5{
=
123
o o.st\ - 0.5E\
O — ~———
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Mean Field (State x1)

Mean Field (State x1)

Time (s)

Fig. 2. Mean field trajectories under data-driven learned
controls (left) and standard care() gains computed
assuming known system and cost matrices (right)

5. CONCLUSION

This paper established a data-driven algorithm for com-
puting strategies for continuous-time infinite horizon LQG
MFGs with heterogeneous network-coupled populations
that contain completely unknown dynamics. During the
data collection and learning phase, a global system is
formed for a generic agent in each class, and an explo-
ration noise is applied to an initially stabilizing control to
ensure persistency of excitation. Under conditions on the
persistency of excitation and on the existence of unique
stabilizing solution for the corresponding AREs, the algo-
rithm converges to the MFG strategies that depend on the
classes and network couplings.

Future investigations should extend the solutions to the
cases with network-coupled dynamics, directed network
couplings, finite time horizons, and nonlinear agent dy-
namics, and apply the algorithm in applications including
renewable energy systems with user populations.
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Appendix A. PROOF OF PROPOSITION 1

Let the population size in all classes go to infinity. Then,
in the limit problem, an individual agent is negligible in
the mean field of every class. Thus, the mean fields of all
classes can be treated as deterministic trajectories in the
limit problem. For an agent oy ;, consider the augmented
state zp; = [z],, XT]" where X = [z],...,Z;]". Then
the dynamics of the augmented states zj ; satisfy

de,i = (Akzk,i + Bkum) dt + Dkdwkﬂ' (Al)
where
bt Ak 0 N 5 By ~ Dy,
A = X B, = D, =
k |:0N><'n,k. G } ok {ONka, Ik Onxa, |’

G is the drift of the mean field, assumed to be known.
The linear mean-field dynamics with the drift G will be
identified later from the consistency condition required by
the fixed-point approach for MFGs (Huang et al., 2007).

The problem can then be framed as a standard LQR
problem with cost functional

Jp = E/ e Pt (:i'];r,iQk:f?k_’i + u;szukﬂ) dt. (AQ)
0

where Ty ; = 2, — 22:1 Hiym Ty, and with a slight abuse

of notation Z,, = lim,, s Ci > Ty Then, assuming
— D i



a standard value ansatz for an LQR problem, the class-
specific value ansatz is

T T P, P T
N Y 11,k P12,k kil & T 5 .
Vie(2k,:) = {X} |:P21,k P22,k:| [ X} = 2, Prak,i

where Py € R™X™ Py = P;yk e R™*N  and

Py € RNV XN The infinite-time Hamilton-Jacobi-Bellman
(HJB) equation is thus

Vi (2k.4) = ggf{L(f?k,ia ki) + Vi Vie(zr) T f (200, uei) }

+ Tr(%DkD,;rVk(zk,i))
where
L(&Epi upi) = T, Quini + up  Ritgi
f(zhiyuni) = Apzpi + Brug..
Expanding and replacing the terms in the HJB, it becomes

T 5 - T A T 5 i
pzy i Przrki = 1I(1f).{zk7ikak,i +uk i Riuk,i + 2z Pr A2y
ol

o 1. -
+ 2zlziPkBkuk,i} + Tr(kaD;Vk (Zk,i))

where
G| Gy
—H, Qr Hy, QpHy
Hy, = [Hpi, ..., Hyc] € R*N,

Setting the gradient with respect to u to zero yields the
optimal control law (i.e. the best response for the limit
MFG problem)

upi = — Ry By Pozg (A.3)
= —R;,'B} (P11 52k, + Pr2 i X). (A.4)

The dynamics of the class-specific mean-field associated
with class k are obtained by

CLUk = ApTy — Blele]I(Pll,kfk -+ Plgyk.)?) (A5)
and the dynamics of X are given by
X = (A—BR'BT (P + Pra)) X (A.6)

where A, B,R and P;; are block diagonal matrices com-
posed of matrices Ay, By, R, and Py i, for each class k, and
Pio=I[Phy,..., Plg’k]T. Thus, the consistency condition
for the mean field in the fixed-point approach (Huang et al.,
2007) is then equivalently given by

G=A-BR 'B" (P11 + Pia).
Plugging in the optimal control back into the HJB and
then matching the coefficients with the value function

ansatz yield the infinite-time discounted cost Riccati equa-
tion

ppk = Qk — PkBlezlékTpk + A;Pk + Pk/ik. (A7)
Developing the terms, the following equations for P;; ; and
Py5 1, are obtained

pPi1x = Qr — Piy k. BeRy ' By Piy g + Al Pryg + Piy g Ay

pPioy = —QiHy, — P11 1By Ry, ' By Piay + Af Proy,
+ Piop(A—BR'BT (P11 + P12))

pPao i = Hy QuHy — Py Be Ry ' B Pioj
+ G Pag g + P i G.

Stacking the equations for Pi j for all IC classes yields

pPi1=Q+PuA+ APy —PuBR'B'P;; (A8)
and stacking the equations for P2 j, yields
pP1a = —OH + (AT — Pl]BR_lBT)P12

+Pra(A—BR'BTPy) — PiBR'BTP,  (A9)

which are analogous to the equations in (6), with Py; = P
and P2 = II. Summing (A.8) with (A.9) and defining
Q) = P11 + P12, an ARE for Q) is obtained

p=0(In—H)+QA+ATQ-QBR™'BTQ. (A.10)

Under Assumptions 1 and 2, the pair (A — %pIN,B) is
stabilizable, and both (A.8) and (A.10), and thus also
(A.9), all admit unique stabilizing solutions P11, Q2 and Py
respectively, following (Huang and Zhou, 2020, Thm. 18)
and Lemma 1. Therefore, the MFG strategy is uniquely
given by (5)-(7). This completes the proof.

Appendix B. LEMMA USE IN THE PROOF OF
PROP. 1

Let A & A— %pIN and M 2 BR™'BT. Consider the
Hamiltonian matrix associated with the ARE in (6b):
A— MP M

QH —AT+PM’
Lemma 1. Assume (A,B) is stabilizable and the pair
(A, Q) is observable. Then the following hold:

(1) Hq in (4) is strong (N, N) c-splitting if and only if
Hyy is strong (N, N) c-splitting;

(2) the N-dimensional stable invariant subspace of Hg
in (4) is a graph subspace if and only if the N-
dimensional stable invariant subspace of Hy is a
graph subspace.

Hy = (B.1)

Proof.

The Hamiltonian matrix in (4) is equivalently given by

A -M
Then
{IN o]H {IN o]_{AMP —M ]
—P In| 7P IN| z AT +PM|’
(B.3)
with Z £ —PA+ PMP — Q(Iy — H) — ATP. The

stabilizability of (A,B) and the observability of (A, Q)
ensure that (8a) has a unique positive definite solution
(Wonham, 1968, Thm. 4.1). Simplifying Z with (8a) yields
Z = QH. The right hand side of (B.3) becomes Hy in
(B.1). In addtion, we note that

Iy 0] [y 0] _,
~P In| | P In| T2V

Hence, Hp and Hpy are similar matrices. As a consequence,
Hq and Hyp share the same eigenvalues, and hence Hg is
strong (N, N) c-splitting if and only if Hy is strong (N, N)
c-splitting. By the definition of stable graph subspace, it
is easy to verify that the N-dimensional stable invariant
subspace of Hg is a graph subspace if and only if the N-
dimensional stable invariant subspace of Hy is a graph
subspace.

(B.4)



