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Abstract

In this study, we generalize the analysis of infinite horizon linear quadratic Gaussian (LQG) Mean Field Games
within the framework of Graphon Mean Field Games (GMFG) introduced in Caines and Huang (2018) over finite
horizons. Graphon Mean Field Games (GMFGs) are non-uniform generalizations of Mean Field Games where the
non-uniformity of agents is characterized by the nodes on which they are located in a network. Under mild as-
sumptions on the structure of the network and parameters of the game, we obtain for almost every node, an explicit
analytical expression for the Nash values (i.e. the cost at equilibrium). With additional assumptions, we provide suf-
ficient conditions for nodes to have locally minimal Nash values. We illustrate the results for the uniform attachment

network.
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1. Introduction

Graphon Mean Field Games, introduced in Caines
and Huang (2018), Caines and Huang (2019) and de-
veloped in Caines and Huang (2021), are a generaliza-
tion of Mean Field Games which were introduced in
Huang et al. (2003, 2004, 2006, 2007); Lasry and Li-
ons (2006a,b) to the case where populations of agents
are located at the nodes of large undirected networks.
These large networks are studied via a graph limit the-
ory in which sequences of graph adjacency matrices,
(gl'.fj),;j:l;n,n > 1, are shown to converge in the so-
called cut metric to bounded measurable function limits
g, called graphons, where

g:[0,11x[0,1] = [-1, 1] (a,B) = g(@.p).

See Lovédsz and Szegedy (2006); Borgs et al. (2008,
2012); Lovasz (2012).

Generalizing mean field games models to include
non-uniform network interactions is a recent develop-
ment. We can cite, Parise and Ozdaglar (2019); Car-
mona et al. (2022) for static games with a single agent
per node, Delarue (2017); Gao et al. (2021b); Lacker
and Soret (2022); Aurell et al. (2022a,b); Fabian et al.
(2022) for dynamic games with a single agent per node,
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Gao et al. (2021a); Foguen-Tchuendom et al. (2021);
Gao et al. (2023) for dynamic settings with a cluster
of agents per node, Vasal et al. (2021); Fabian et al.
(2023) for algorithmic approaches to graphon mean
field games, Liang et al. (2021); Hu et al. (2023) for
graphon mean field control problems, Bayraktar et al.
(2023) for graphon mean field systems, Achdou et al.
(2020) for mean field games models where the network
is part of the state space, and Cui et al. (2022) for hy-
pergraphon mean field games.

The current work considers a dynamic setting with a
cluster of agents per node and aims at establishing ex-
plicit analytical results on the Nash values and nodes
with locally minimal Nash values based on assump-
tions on the initial conditions and graphon properties.
When nodes may be construed to have physical loca-
tions, the search for nodes with minimal Nash values
may be formulated within the recently developed the-
ory of (Riemannian space) embedded graph limits (see
Caines (2022)). The extension of the class of graphon
functions to measures permitted by this theory will not
be employed in this paper, however the embedded limit
network theory facilitates any assumption of multidi-
mensional arguments and, when required, the differen-
tiability with respect to location parameters of the limit
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functions g; this case occurs in Proposition 8, Section
6, below. We emphasize, however, that whichever back-
ground formulation of graph limits is adopted, the graph
limit function g appearing in this work is always as-
sumed to be a bounded measurable function.

The contributions over the earlier versions of this
work in Foguen-Tchuendom et al. (2022b,a), are as
follows: (i) the infinite rank graphon case is covered
when proving existence and uniqueness of the graphon
mean field; (ii) the consideration of initial means which
depend linearly upon the nodes, and (iii) the inclu-
sion of numerical illustrations indicating that the rela-
tionship between centralities of the system graph and
Nash value local minima previously detected in Foguen-
Tchuendom et al. (2022a) depends on the homogeneity
of the initial means. This paper merges and improves
upon the results first published in Foguen-Tchuendom
et al. (2022a,b), and both papers build upon mean
field games with cost localities studied in Huang et al.
(2010). The differences between Huang et al. (2010)
and the current paper are that in Huang et al. (2010)
each node is assumed to be associated with an individ-
ual agent and graphons are not employed.

The paper is organized as follows. In Section 2, af-
ter some preliminaries, we introduce the infinite horizon
GMFGs. In Section 3, we characterize the solvability
of the infinite horizon GMFGs by the solvability of an
auxiliary system of infinite horizon forward-backward
ordinary differential equations (FBODESs). In Section
4, we show that the auxiliary system of infinite horizon
FBODEs has a unique solution. In Section 5, we obtain
explicit closed form Nash values. Section 6 we provide
sufficient conditions for nodes to be local minima of the
Nash values. In Section 7 two numerical illustrations
when the graphon is the uniform attachment graphon.
Section 8 concludes and indicates open questions.

2. Infinite Horizon Large Games On Networks

2.1. Preliminaries

In this subsection, we introduce infinite horizon GM-
FGs as limit versions of infinite horizon games with a
large but finite number, N, of agents denoted, {A;, 1 <
i < N < oo}, which are distributed over a finite network
of n nodes with edges represented by the adjacency ma-
trix (gzj),; Jj=1:n Whose entries take values in [0,1] and de-
scribe the strength of the connection between two given
nodes in the network.

Let {wi, t > 0, i = 1,...,N} be a collection of in-
dependent Brownian motions defined on a probability
space (Q,F = {F,,t > 0}, P) satisfying the usual con-

ditions such that {#;, t > 0} is right-continuous and

Fo contains all the null events. The state of the agents
evolves according to a set of N controlled linear stochas-
tic differential equations (SDEs) over the infinite hori-
zon. For each agent A;, its state denoted x'(-) € R is a
solution to the SDE,

dxi = (axﬁ + bu;) dt + odw', Vt>0, (1

where u/(-) € R denotes the agent’s A; control input.

We assume that at each node [ € {1, ...,n} there is a
cluster of agents denoted C; such that the total number
of agents satisfies N = )}, |C;|. We assume that the
initial state of an agent A; is xi, ~ N(m',»?), if A; lies
incluster C;, [ € {1,...,n},and a,b,m' € R, v> 0,0 >0
are known.

For each agent A; in cluster Cy, the coupling terms,
called the nodal network mean fields, governing its in-
teraction with other agents over the network for all
t>0,ie{l,---,N}, kefl,---,N}, are

1 v 1 ;
kn _ 2 E n E J
T = S |Cil % @
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The family of nodal network mean fields,
(zf’"),e[ogm)’ke“m,,] relies on the sectional informa-
tion gz’. available to an agent A; in cluster C¢. This
sectional information represents the understanding of
the network interactions from the point of view of
agents in cluster Cy, k € {l,...,n}. From the point of
view of any agent A; in any cluster Cy, all individuals
residing in cluster Cy have symmetric interactions and
their average states generates an overall impact for that
cluster. These averages are called the cluster mean
fields and are averaged again over the whole network
via the nodal network mean fields.

Constrained by these dynamics and network interac-
tions, each agent A; chooses its control in order to min-
imize its quadratic cost functional

JNW,uy =E f N P Irl)? + (& — 25" dr, (3)
0

where 1 <i < N,p > 0, r > 0, and u™' denotes the
controls of all agents except agent A;. We assume that
all agents chose their controls from the space

A :={u:Qx[0,0) > R|uisF - progressively
measurable and Ef e Plu()Pdt < o).
0

2.2. Infinite Horizon LOG GMFGs

For these infinite horizon games on networks, we are
interested in studying the Nash equilibrium when both



the number of agents and number of nodes are very
large.

Finding a Nash equilibrium in games on networks
with finite number of agents and nodes gets increasingly
complex as both the cluster size and the network size
increases. When the network supporting the interaction
between the agents is uniform (i.e. fully symmetric),
Mean Field Games (MFGs) are satisfactory to deal with
this complexity. In the case of non-uniform dense net-
works whose limits are characterized by graphons, GM-
FGs generalize MFGs to investigate these games in the
double limit, n — oo and min;-;., |C;] — oo (observe
that it implies that the number of agents, denoted by
N = Y/_, ICll, goes to infinity). GMFGs are asymptotic
versions of the sequence of these games on networks.

At all nodes « € [0, 1] on the graphon, there is a rep-
resentative agent, denoted A,, whose state’s evolution
solves the SDE, forallt > 0

dx? = (ax? + bul) dt + cdw?, x3 ~ N(m*,v»).  (4)

Agent A, aims at minimizing the quadratic cost,
JW®,z%) = Ef e‘/’t[r(uf)2 +(xf -2 2]dt, (®))
0

where r, p > 0 and, the nodal graphon mean field z;" is,

1
7%= f g(a. BELP1dB, Vi € [0, ), Ya € [0, 1].
0
(6)

Recall that the graphon g(-,-) in the expression above
corresponds to the limit of (g;”j)i,_,-zlz,,.

Nash equilibria for the above population and network
limit Linear Quadratic Gaussian Graphon Mean Field
Game (LQG GMFG) are found as follows:

1. Fix a two-parameter deterministic flow of graphon
mean fields {z{, t € [0, ), a € [0, 1]}.

2. Find optimal controls, denoted by u®*’ :=
(U )ref0.00) € A, such that

J(™,2) = min J(u", 2%) @
u*eA

ueA

= minE f e [r(uf)’ + (= 20)*]dr
0
subject to the dynamics, for all # > 0 and « € [0, 1]

dx? = (ax? + bul) dt + ocdw?, x3 ~ N(m®,v*).
®)
3. Show that the optimal state trajectories {x;", ¢ €

[0,00), @ € [0, 1]}, satisfy the consistency condi-
tions, for all @ € [0, 1], t > O,

1
= fo (@, BE[1dp. 9)

3. Solvability of (7)-(8)-(9)

3.1. Infinite Horizon FBODEs

The solvability of this problem requires the solvabil-
ity of control problems (7)-(8) and the consistency con-
ditions (9) sequentially. To solve the control problems
(7)-(8) we follow the approach exposed in Huang et al.
(2007) and introduce the algebraic Riccati equation

b2
pﬂ=2a7r——7r2+l, r>0, p>0, (10)
r

whose unique strictly positive solution is

2
r2 (o — 2a) +L_(p—Za)r>

4p* b? 2b? 0 (n

Let L*[0,1] be the space of square integrable
functions endowed with the inner product (x,y) =
fol x(B)yB)dp and norm x|, =  V(x,x). Let
Cp ([O, o0); L*[0, 1]) be the space of bounded and con-
tinuous functions over the interval [0, c0), with val-
ues in L2[0, 1] and endowed with the norm |[x].c :=

SUP/e(0,.00) V{x, x).
Proposition 1. Assume that there exists a function s €
Cp <[0, o0); L2[0, 1]) solution to the offset Ordinary Dif-
ferential Equation (ODE),
ds?
dt
Then, there exists optimal control processes for the in-

finite horizon optimal control problems above, namely,
forall @ € [0, 1],

b2
=(—a+—7r+p)s§'+z‘f. (12)
r

b
W= (s V20, (13)

where the optimal states (x;"")j0.] are given by
b? b?
dx;’ = [(a - —71') x50 = —s‘t’]dt + odwy,
r r
xg,o - N(ma’ V2).
Proof 1. The proof is a standard application of LOG
tracking control theory. See Huang et al. (2007).

Proposition 2. Assume that there exists a function q €
Cp ([0, o0); L*[0, 1]) solution to the ODE,

2

dqa b o (04 (04
i R 7(s, Y +pg” - (14)

dt
Then, the optimal costs are given, for all a € [0, 1], by
J®,z) = aE[(x3)] + 250 B[] + ¢

=7V + (m™)?) + 2s7m” +¢5.  (15)



Proof 2. The proof'is also standard for linear quadratic
Gaussian tracking problems. See Huang et al. (2007).

The first proposition takes care of the solvability of
control problems (7)-(8), assuming we can show the
solvability of the Backwards ODEs (12) and (14), and
the second proposition gives us a formula for comput-
ing the optimal costs. The next proposition covers the
solvability of the consistency conditions (9).

Proposition 3. Assume that there is a solution to (12)
in Cp ([0, c0); L]0, l]). Then the consistency conditions
(9) are satisfied, if and only if, there exists a function
z € Cy (10, 00); L2[0, 1) solution to the ODE,

2 2 rl
dz" = [(a - b—n) - b—f g(a,ﬁ)éfdﬁ]dﬁ (16)
r r Jo

1
Z = fo g(a, BymPdp.

Proof 3. The consistency conditions (9) describes a
fixed point problem on the optimal states. From Propo-
sition 1, we have access to the SDEs satisfied by the op-
timal states. Thanks to the linear nature of these SDEs,
by taking expectations, it is straightforward to show that
the existence of the fixed point is equivalent to the exis-
tence of solutions to ODEs (16). The proof is complete.

Note that from the three propositions above, the pro-
cess s denotes the offset of the optimal control im-
plemented by the representative agents, the process g
denotes the constant term associated to the quadratic
cost of the representative agents when they implement
the optimal control, and the process z denotes mean
field term which is consistent with the optimal states
of the representative agents. Compiling the previous
three propositions, we deduce that our infinite horizon
LQG GMEFG is solvable, whenever there exists pro-
cesses, {z,5,q} € Cp ([0, 00);L2[0, 1]), solutions to the
Forward-Backward ODEs (FBODEs) below.

dZ;y b2 Y b2 1
o= - [ s@pdas a7
dsa b2 ed a
d_t’z(—a+7n+p)s,+z,, (18)
dqa bz Q e a
d_tl =—o’r+ T(Sz )2 +pq; = (Z/ ? (19)
1
%= f gla, pndp.
0

3.2. Steady-State Conditions

The steady-state information (z%,s%,q%) for the
FBODE:s (17)-(18)-(19) is a solution to the equation
0= dzg, dsy,  dqg,

dt dt dt’

Va €[0,1], (20)

which defines the family of algebraic equations

b2 b2 1
0=(a-Zaje -~ [ swpsap e
r r 0
b2
0:(—a+—7r+p)sﬁ,"o+zgo, (22)
r

b2
0=-0’n+ T(SZO)2 +pgl — (2%)%. (23)

From (21)-(22), we derive the equation for s., below

b2 b2 bz 1
0 :(a - —IT) [(a - —77) —p} & - — f g(a,ﬂ)sﬁ,dﬂ,
r r r Jo
which is equivalent (with discrepancies on at most a set
of measure zero) to

b? b? b?
[(a - —ﬂ)(a - — —p)I - —g] 050 =0 (24)
r r r
where (g o 5.,)(+) := fol 8(, B)s(B)dp, and I denotes the
identity operator from L?*[0, 1] to L2[0, 1]. Observe that
the operator involved in (24),

b? b b
- — g - ==
e
has a bounded inverse if the quantity
r b? b?
—(a - 77‘1’)(0 -7 —p)
is nonzero and not an eigenvalue of graphon operator g.

Remark 1. Since it is assumed that |g(x,y)| < 1, for all
x,y € [0, 1], the operator norm of g satisfies that

ligvll
o <llgl =1

”guop = =
ver2(0,11vz0 VIl

(see e.g. (Gao et al., 2021b, Lemma 7)) which implies
that the absolute values of all the eigenvalues of g are
less than or equal to 1. When a = 0, it follows from
(10), that ﬂ(b—:ﬂ' +p) — g = I — g. Therefore it has a
bounded inverse when 1 is not an eigenvalue of g.

Assumption (A0): Assume the real valued quantity,

7=

(b_2

p )_l(a - b;n)(a - b—:n —p) is nonzero.



Assumption (Al): Assume that the spectrum of g
does not contain 7.

Note that, assumptions (A0O) and (A1) help us derive
the steady state conditions for the ODEs (17)-(18)-(19).

Under Assumptions (A0)-(A1), the functional equa-
tion (24) admits the (unique) solution in L2([0, 1])

2 =0=s%, ae acl0,1], (25)

and an application of (23) yields

0'27T

g% = —, ae.ac[0,1]. (26)
P

Equipped with the steady state informa-

tion (z2,s5%,q9%), we proceed to the study of,

{z. 5.9} € Gy (10, 00); [0, 11), solution to the FBODEs,

a 2 2 1
dzj _ (a B, b_n) g-2 [ swpia @
r r Jo

dt

ﬁ:(_“b—zﬂp)suzﬂ, (28)
dt r ! !

dqa b2 e a a

— =TT 6D el = G, (29)

1
Z) = fo gla, pymPdp.

with the infinite horizon conditions

’n

2 =0=5% ¢o=2" qeacl01]. (30
Je)
4. Existence and Uniqueness for (27)-(28)

We apply an exponential transform on (28) and ob-
tain an integral expression for s as a function of z. We
substitute this integral expression into (27) and perform
another exponential transform to obtain that any solu-
tion z, s to FBODEs (27)-(28) must satisfy the integral
equations

00 b2
s¢ = —f exp ((—a + +p) = s)) Zeds  (31)
t 2 1
z) = exp ((a - 77r) t)f ga.pym’dp (32)
0
2 t 0o 1 2
+b—ff f exp((a—b—ﬂ)(t—s))
rJoJs Jo r
b2
X eXp ((—a + +,0) (s— T))
x g(a, ) dBdrds.

We introduce  the notation, b2 =
—(a—"—zﬂ) and = (—a+ﬁ7r+ ) > £ >
r ’)/2 N r p 2 £

and ®(-) defined for all y € C;, ([O, 00); L*[0, 1]) as

1
D) = exp(—y10) fo o pndp

b2 ! 00 1
. f f f exp(nt-s) O
r Jo Js 0

x exp (y2(s = 1)) g(a, By dpdrds.

bZ
rYiy2
Proposition 4. Let (Al) and (A2) hold, then ®(y)
is bounded and uniformly continuous for all y €
Cb (10, 00); L?[0,11), i.e. (y) € Cp ([0, 00): L2[0,1]).
Moreover, the map ®(-) admits a unique fixed point on
Cy (10, 00): L2[0, 17).

Assumption (A2): Assume thaty; > 0 and <1.

Proof 4. To show that ®(y) € Cp ([O, 00); L*[0, 1]), we
show firstly that ®(y) is bounded for all t € [0, 00)

1
IOz < exp (=y10) IIJ; g(a, PPl

b2 ! 00
+— f f exp (—y1(t - 5))
r 0 K

x exp (y2(s — 1))

1
x| fo g(a, B)yidpldrds,

< exp (—=y19) llmll2

b2 ! 00
+— f f exp (=y1(t - s))
rJo Js

x exp (y2(s — 7)) lly-|ld7ds
2
<exp(—=y1D)llmlly + ———|lyll,e0 < oo,
ryy2

(34)

and secondly that it is uniformly continuous, 0 < s <
t

O - PO

= (exp (=y11) — exp (=y15)) fo g(a,pymPdp

b2 S 00 1
= f f f [exp (=y1(t = v)) —exp (=y1(s = V)]
rJo Jv 0

x exp (y2(v — 1)) g, B)ysdBdrdy

b2 ! 00 1
+— f f f exp (=y1(t = v))
r s v 0

x exp (y2(v — 7)) g, B)yedBdrdv
=Iy+ 1 + 1,
(35)



where the terms Iy, I, I, are defined respectively by
the three previously added terms. Uniform continuity is
a consequence of the fact that for all 0 < s < t

D)y — US| < Mol + [11] + |12]

2b°
< ik m)l+ — Iyl | It = sI. (36)
ry2
Indeed, it holds for all 0 < s < t that

o] < |exp (—y1t) —exp (=y15)|

fo t g(a,ﬁ)wfdﬁ‘

fo g(a,ﬁ)m‘*dﬁ‘ (37)

< exp (=y18) lyit — yislK1, m)l
< yilKL, mlle = sl,

< exp (=y18) lyit = yisl

b2
1] < — Iyl
r

x f f |exp (=y1(t = ) — exp (<1(s — ) |
0 v
x exp (y2(v — 1)) drdv
bZ s 00
< Clles fo f Nl - slexp(-n(s—v)  (38)
x exp (y2(v — 1)) drdv
b? 1 s
< —IIyIIz,oo—It - SIf Y1€xp (=y1(s —v))dv
0

b2 IIyIIzoo
;

b2
1Ll < —lIyll2.e
r

Xf f exp (=y1(z = v)) exp (y2(v — 7)) drdv
2

b |
< Zllhe f —exp (= M)y (39)

b2

= ——— |l [1 —exp (=y1( = 5))]
ryiy2
2 2

b~ 1
< ——IWlleoyilt = slz £ — —I[Yll2.colt = .
r yiy2 r oy

Next, because Cy, ([0, o0); L?[0, 1]) is a Banach space
when endowed with the norm || - |l,0, it is enough to
show that ® is a contraction.

For any pair y,y? € G ([0, o0); L2[0, 1]) and for all

t > 0 we have
K00 = 007 =
|| f f f 2 exp (—y1(2 - ) exp (als — 1)
X g( B~ yD(BdBdrdsll

b2
<=y =Yl
-
! 00
X f f exp (—y1(t — s)) exp (y2(s — 1)) d1ds
0 s

b2 | ) 1 t

=—y =yleo— | exp(y2s—1)ds
r Y2 Jo
b? 11

< =" = Y lho——[1 —exp (—y10)],
r Y271

and therefore,

b2
" = 12,00,
Y2

DG = PO <

and it is a contraction. The proof is complete.

5. Explicit Nash Values

Graphons as linear operators are compact with dis-
crete spectrum (Lovasz (2012)). Let the spectral repre-
sentation of the graphon g be given by

2@.p) = defi)fuB),
=1

where f; is the orthonormal eigenfunction associated
with the non-zero eigenvalue A, of g for all £ > 1.

5.1. Calculating GMFG Equilibrium.

Since s € Cp ([0, o0); L*[0, 1]), following an analysis
similar to that in (Gao et al., 2023, Lemma 2), we can
demonstrate that the solution for (27) is a classical so-
lution in the space C), ([O, o0); L2[0, 1]), and furthermore
the differentiation dz,/dt (in the classical sense) also lies
in L2[0, 1] for all ¢ € [0, o). The same is true for s and
ds,/dt, that is, s is a classical solution to (28) and ds,/dt
lies in L?[0, 1] for all ¢ € [0, c0). Then for all > 0, it
follows that (see e.g. (Rudin, 1987, Ch.4))

[e]

dz dz,
Ezgff’ )ff—zdt(f[,z,)fg e 12[0,1]

8

ds; ds;
== ;m, Vi = ;EW sofe € L*[0,1].



Some technical assumptions are now introduced for
the explicit resolution of the FBODEs (27)-(28)-(29) to-
gether with steady-state information (30).

Assumption (A3): Assume the nonzero eigenvalues
{4¢, € = 1} of the graphon g satisfy the following bound

p
A <1+ sa@=p), V1. (40)

Remark 2. Assumption (A3) ensures a crucial second
order ODE to be introduced below has an exponentially
stable solution. This latter solution is then used to con-
struct explicit solutions to equations (27) and (28) over
the infinite time horizon [0, c0). Note that when a = 0
Assumption (A3) holds if g does not have 1 as eigen-
value.

Proposition 5. Let Assumptions (Al)-(A2)-(A3) be in
force. Then, the process {z}, s{ « € [0,1], t € [0, c0)},
solution to (27)-(28), is explicitly given, for all t >
0, a.s.a €[0,1], by

ﬁ=;mmﬁﬁ=gmmi (41)

where ¥, s*, V€ > 1 are given explicitly by

2 = Alm, fiy exp [(g - 9(15)) t] ,

¢
s <y

S = T <>
L (60 + 60))
and 0(-) is a function defined by

(42)

—24a)? 2
o= L2 P rer @y

Proof 5. Consider the graphon spectral decomposition
gla,p) = Z Aefe@) feB), Ya,pe[0,1],  (44)
=1

where {f;, € > 1} C 1?0, 1] is the orthonormal eigen-
function of g, and A, is the eigenvalue associated with
fe. By definition, gfy = A f;. Following the spectral re-
formulation of two point boundary value problems de-
veloped in Gao et al. (2021b), we define the eigen pro-
cesses

g = e fo. s; = (s fo,
These processes satisfy the FBODE:s,

1€[0,00), £>1.

dzt vr\, b,
d_tt = (a - T Zr /IZTS,, 2y = /lt’(m,f{),
dst b’r
d—tr:Zf+(—d+T+p)Sf, sﬁo:O,

for which we seek an explicit solution that is compatible
with the infinite horizon condition 7', = 0, for all £ > 1.
(We notice that z* = 0 and s* = 0 when A, = 0 following
the equations above).

From the ODE for s', it is straightforward to compute

that,
00 b2
st=— f exp ((—a + 21 +p) (t- s)) Zds.
p r

Next, we substitute s* back into the ODE for z* and
obtain the ODE

dzt br
o)

b2 00 b2
+ /l{T f exp ((—a + Tn +p) (O s))zfds.
t

By differentiating this ODE once and making appropri-
ate substitutions, we get the second order ODE for 7

d’zl dif

dt pdt

»? P2\ B>
+ [/lg— —(a— —ﬂ) +p(a— —ﬂ)]zf =0,
r r r

whose characteristic equation

(45)

b2
—a2+pa+—(/lg—l)]=0,
r

& —pée+

admits as solution

-2 2 b2
&:(g_ \/¥+7(1—m]=§—9(ﬂz),

where 6(A;) = J@%w +(1 - /lg)b—: is real whenever

Ag <1+ r(p4_b22”)2, which follows from Assumption (A3).

It also follows from Assumption (A3) that &, < 0.
Therefore, the explicit solution for z¢ is

2 = Aelm, fryexp (&), V>0, (46)

and, because & < O for all | € {1,...,L)}, the infinite
horizon condition 7%, = 0 is satisfied, and the explicit
solution for s, VYt € [0, 00) is

00 b2
st = —f exp ((—a + 2 +p) (t— s)) Zlds
p r

2
= —A(m, f)exp ((—a + bTﬂ +p) t)

0o 2
Xf exp((§g+a—b7ﬂ—p)s)ds.



Observe that, since
b2
& <0, and (a——ﬂ —p)<0,
r
the integral term is explicitly solvable such that

b2 -
st =t fpexp @n e +a- 22 -p)

Also, for all € > 1, we have that

p? P
gra-L-p=C_0)+a-=-p
r 2 r
b2
= -6y +a-2 -2
2 r
1
_2a2 b2 2
= —0(1) - (% + 7) = —6(1;) - 6(0).

Therefore, the explicit solution for s' is

¢
¢ s
=———  V{x1
"7 T8 + 600)

We deduce from (46) that 2%, = O for all €, which
implies that st, = 0. Based on (44) and the definition of
the eigen processes, we can now reconstruct the solution
{27, sy @ €[0,1], t € [0, 0)} as below

zf

a _ - 4 a _ N
2= ;fm)z,, S0 = ;fe(a)—g( RRTOS

where for all t > 0 and for almost all @ € [0,1]. The
proof is complete.

Remark 3 (Properties of the 6(-) function). The 6(-)
function, which we recall here, has several interesting

properties 6(T) 1= \/(’J_TZ“)Z +(1- ‘r)b—:. A first property
is that for A¢ # Ay the following hold:

1) -0 __(L)ew)—euu

0A0) +0(4) — 0A)? =6(%? — \b) (A~ A)
A second property is that ' (1) = ﬁ}é). Finally, since

0(t) is monotonically decreasing with respect to T, the
equality above implies that 6'(t) is monotonically in-
creasing with respect to T.

5.2. Calculating Nash Values.

In this subsection, building on the two previous
propositions, we compute explicitly the Nash values for
almost every @ € [0,1]. This computation will re-
quire the explicit computation of the solution {¢%, @ €
[0,1],¢ € [0, T]} to ODE (29).

Assumption (A4): Assume that only a finite number L
of the eigenvalues of g are nonzero.

Proposition 6. Ler Assumptions (Al), (A2), (A3) and
(A4) be in force. Then, the cost at equilibrium is explic-
itly given, for almost every a € [0, 1], by

2 L
JW®2) = 712 + n(m®) + 07" —2m® Y fol@)deim. fr)
=1

1< T (L -
+ (Z fe@(m, fc)) - (Z Fe@ A, m]
=1

=1
L L
k=1 (=

2

= 20> f@ s, fiym, £ (5 - 0ao)

1 =1
X (—1 ) [%/11(/15 - 2—[)2/_11(/_15] ,
0(e) + 6(A) ) | p pr
where we define,
- A

/lg'

= m, G{l,...,L}.

Proof 6. Given the explicit processes {z{,sy a €

[0,1], t € [0,00)}, calculated for almost every a €

[0, 1], we proceed to calculate explicitly the process

{qf, a €[0,1], t € [0, 00)}, for almost every a € [0, 1].
It is straightforward to verify that,

q; = —exp(pr) f B(a, s)exp (—ps)ds,
t
with ®(a, t), defined on «a € [0, 1], t € [0, 00), by
2 a\2 b2 a\2
O(a,t) = -o"n— ()" + T(Sf) ,
is a solution to the offset ODE,
dq(Y b2 a a a\2
d_tt = —o’n + T(St)z +pqf = ()",
such that by applying L’Hopital’s Rule for its infinite
time horizon limit, we have
limgy = lim (— exp (pt) f B(a, s)exp (—ps) ds)
—00 t

. [ [ 6 s)exp (—ps) ds]
= lim

t—00

—exp (—pn)
( —O(a, ) exp (—pt))
pexp (=pt)
. Oty -o’n oo*n
= lim = = — =¢qg.
e —p -p p
Next, recall that the optimal cost is given, for all a €
[0, 1], by

= lim

t—00

JW®,2) = n(v* + (m*)?) + 2sgm” + qj.



To calculate the Nash values explicitly, for a.e. a €
[0, 1], it is sufficient to calculate the quantities sg, qj.
For almost every a € [0, 1],

L

So = Z (6(2) + 60D~ frl@)Aelm, fi)

=1

~

== fl@(m, fi) .

=1

And, for almost every a € [0, 1],

g5 = —f O(a, s)exp (—ps)ds,
0

where O(a, t), Ya € [0, 1], t € [0, 00), is defined by:

2

L
O, 1) =~ - [Z Je@)Ae(m, f) exp (fm)
=1
2

2 L
+ bT (; fe(@)Ae(m, fr) exp (fgl)] .

Integrating by parts yields
@ O(a,0) 1 [ dO(a, s)
qp = — -— | exp(-ps)
P Jo ds

where it holds that

2 1(&
=T, - § A,(m,
r + P [5:1 Je(a@)A(m f(’)]

2
B B(a, 0)

el
2

P (& .
- —(Z fg<a>ﬂg<m,ff>] ,
rp =1
and

| do
—— f exp (—ps) (@ 5) ds
P Jo ds

L L
0 ) 2 2% -
= Z Z & (f e(fk"'ff—p)éds) [—/lk/lg _ /lk/lg}
0 P pPr

X fil@) fe(a)(m, fi)y{m, fe).

We compute explicitly the integral above and obtain,

1 f” dO(a, s)
- exp (—ps) ds
P Jo ds

L L
=Y > bE+&-p!

k=1 (=1

2b
[ Axde — —/lk/lg]

X filla) fe(@)(m, fi)(m, fe).

By the equality (¢i + &¢ — p) = = (0(d0) + 6(A)) , we get

2
o
qp = 7 + = (Z Je(a)Ae(m, fi)]

2 2

L
— [Z fe@) i, m]
I‘p =1

L
P _ 02 ) (6(A0) + O()) !
5

1

2 2b% _ -
A de — — Ak g
p pr

MP‘

o~
1l

1

X

X fi(@) fe(a)(m, fi)lm, fe).

By substituting the calculated terms appropriately in
JW®,2) = n(* + (m*)?) + 2s5m® + g
we obtain the desired result. The proof is complete.
The next proposition introduces simplifications.

Proposition 7. Assume (Al), (A2), (A3) and (A4) hold.
Then, the Nash values are explicitly given below: for
almost every a € [0, 1],

2

JW®,z2) = m* + n(m®)? + 7z
2r , =
- Sm Z Fe(@)(6(0) = 8(A0)Xm. fr)

L L
P
; 21 f@) f(@)m, fid(m, f2) (m - 2)

1
x ~| Aedi==5(6(0) ~ BANO(0) ~ O(A)|-
e b

Proof 7. We observe that
L L

fila) o, fiyom, £ (& - oaw))

k=1 ¢=1
( ! )[2/1 P 2b2/1 2 }
0 + 0 ) | p T por K

(.0 () — 9(/16))

L
2 f@siam, fom. fiy| =5 s

1 (=1

Mn

o~
1l

/lk/lg - —/lk/lg

M=
M=

Jil@) fe(@)m, fi)(m, fe)

|
1 (eu )+ euw)
|

=~
I
—_
~
]

/lk/lg - —/lk/lg

2

- - [Z frl@)em, m] + = [Z fil@A(m, f»)



Taking the cost form in Proposition 6, the last three
terms there can be further simplified,

2 L
JW®,2) = 717 + n(m)? + % —2m® Y fu@)Aem. £2)
=1

L L
- Z Z fl@) fe(a)m, fi)(m, fr)

k=1 (=1
1 b - .
X =2 = e — — 1 A¢] .
9(/14) +0(4) p pr
(47)
We compute from Remark 3 that

Lo A 60 - 60)
T8+ 600) T, - 6(0)2
( )euo—e«»
p2) (A, -0)

= _ﬁ(e(/lf) -6(0), €e{l,...,L}.

Replacing A and A, in the previous expression for
J(u®, z) yields the desired result. The proof is complete.
6. Nash Values Local Minima

Assumption (AS): Assume that the initial means are
linear. That is

m*=m+ka Yacl0,1].

Assumption (A6): Assume that all eigenfunctions of
g are at least twice differentiable. Assume that all the

nonzeros eigenvalues are the same. That is,
Ae=A, VYCe{l,..L}.

Note that assumptions (AS5) and (A6) are only suffi-
cient to derive the following result on nodes with Nash
values local minima.

Proposition 8. Let (Al) to (A6) be in force. Assume that
there is a* € (0, 1) such that

L
0 = 2kn (ka™ + m) + By Z Sfe(@*)m, fr), (48)
=1
and for all € € {1, ..., L},
Oufe(a”) =0, (49)

L
R o frlaYom, fr) {(Ae + Bya') +2Cy ) fule")m, f»}
=1

2k*n
2=

(50)

where

Ay = —2mi (6(0) — 6(1))
= —Zk— (6(0) - 6(1))

=L o) (- L 2
Cpim p(29(/1) 2)(1 (00) - 6))?),

then a* € (0, 1) is a local minimum of the Nash value
J(w®, z). That is,

AW ,2) =0, and &*,Ju",z)>0.

Remark 4. This proposition provides sufficient condi-
tions which a new agent joining the GMFGs at equilib-
rium can verify in order to choose, locally, a node with
the smallest cost, e.g. choosing a place when arriving
in a new city. The only global information needed is
the initial means m®. Note that whenever k = 0, all
a* € (0, 1) satisfy condition (48).

Proof 8. Let (Al) to (A6) be in force. It follows from
the previous proposition that the Nash value function is
given by

2
Jw,z) = (v2 + %)n + (i + ko)’

2

L L
+ (Ag + Boa) )" fle)m, f) + Cy [Z fl@)(m, m] ,
=1 t=1

its first derivative is given by

0o J(u®, 2) = 2kn (i + ka)

L
+ (Ag + Bga) )" 0 frl@)(m, fr)

=1

L L
+2C (Z frl@)(m, m] [Z Do fele)m, m]
=1 =1
L
+ By (Z frl@)(m, f») :
(=1

and its second derivative is given by

2

L
oo (", 2) = 2By )" Bufrl@)m, £r)
(=1

2

L
+2Cy (Z Oy fr(a@)(m, ﬁ’)]
(=1

L L
+2Cy (Z fula)m, f[>] [Z 82 fl@)m, ﬁ»)
(=1 =1

L

+2K27 + (Ag + Bya) Z 02, fr(@)(m, f).
(=1



Clearly, all a* € (0,1) satisfying (48) and (49), it fol-
lows that 0, Ju® ,7) = 0, and moreover; if (50) is satis-
fied by a* € (0, 1), it follows that 32,J(u®",z) > 0. The
proof is complete.

7. Numerical Illustrations

Nash Values and Centrality Values
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Figure 1: Nash values with homogeneous initial mean.
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Figure 2: Nash values with inhomogenous initial mean

The uniform attachment graphon is used as an exam-
ple. It is not of finite rank, but it admits good finite
rank approximations due to its nice spectral properties
(see Gao et al. (2023)). We also plot the graphon’s eigen
centrality and degree centrality in order to contrast them
with Nash values. We observe that Nash values are sen-
sitive to the homogeneity of the initial conditions. We
recall the definitions of eigen centrality and degree cen-
trality.

Definition 1. Let g(:,-) be a graphon, we have:

11

1. Degree centrality: For every node a € [0, 1], the
degree centrality of g(-,-) is defined by

1
d(@) = fo g B)dp.

2. Eigen centrality: Consider fi(-) the graphon’s
eigenfunction associated with the largest eigen-
value. For every node a € [0, 1], the eigen cen-

trality of g(-, -) is defined by
e(a) := fi(a).

The following parameters are used for numerical ex-
amples: a=p=05,v=1,0=0.15,b=1,m = 10.

In Fig. 1, the numerical result is illustrated for the
case with homogeneous means for the initial conditions
across different node indices. The top figure illustrates
Nash values, the eigen centrality and the degree central-
ity. In addition, Nash values for the games with the limit
graphon are compared with those approximately given
by the rank-one approximation of the limit graphon,
and due to the spectral property of the uniform attach-
ment graphon (see Gao et al. (2023)), the rank-one ap-
proximation error is small. As observed in Foguen-
Tchuendom et al. (2022a) the node with local minimal
Nash value corresponds to the node with the maximum
degree.

In Fig. 2, we illustrate numerically that, for the case
where initial conditions m® are inhomogeneous and
given as a linear function of the index @ with coeffi-
cients m = —5, k = 10, the minimum Nash value node
is no longer the node with the maximum degree.

8. Conclusion

We established the Nash values for linear quadratic
graphon mean field games with infinite time horizon,
and analyzed its properties with respect to the variations
of nodal index. Further studies should include the prop-
erties of the Nash values for nonlinear graphon mean
field game problems (see e.g. the control affine cases
in Caines et al. (2023)) and build further relations and
comparisons with centrality notions for graphons (see
Gao (2022); Avella-Medina et al. (2018)).
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