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Motivation

Electric vehicle (EV) integration Solar generation Wind generation

» Challenge: modern power grids under renewable transition face growing uncertainties due to large-scale
electric vehicle adoption, variable solar generation, and intermittent wind generation

» Key question: how to coordinate user populations to meet the supply-demand balance?

Scalable collaboration with equality constraints to bring certainty!
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Literature Review
Renewable energy integration and demand response.

> Storage is a key tool to mitigate uncertainty, reduce peak consumption, and manage generation loss (e.g. Tesla Virtual
Power Plant, Hilo) [KATARAY 2023]; [PALLAGE 2024].

» Deterministic LQ formulation of a demand-response problem [LE FLOCH 2015].
Deterministic LQ control with constraints.

» Inequality constraints on state and/or control [SCOKAERT 1998]; [CHMIELEWSKI 1998]; [MARE 2007]; [CHANG
2013].

> Equality constraints on state and/or control [Ko 2007]; [SIDERIS 2010]; [LAINE 2019]; [LAURENZI 2025].

Stochastic LQ control with constraints.

> Inequality constraints on state and/or control [HASSAN 2016]; [CHEN 2016]; [WU 2020].
> Equality constraints on the state [KROKAVEC 2008], [2011], [2014].
No constraint Inequality Equality

Deterministic classical LQR [SCOKAERT]; [MARE]; [CHANG] [KO]; [SIDERIS]; [LAINE]; [LAURENZI]
Stochastic classical LQG [HASSAN]; [CHEN]; [WU] state: [KROKAVEC]; control: this work
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System Model

Consider N heterogenous collaborative users (e.g. consumers with batteries) over a finite horizon [0, 7.
Agent ¢ dynamics

Tip+1 = Aiie + Bitiy + wig, 1)

where {w; ¢} are i.i.d. sequences with mean zero and finite covariance.

Letx¢ = [x1,¢,- - ,mN,t]T, Up = (U1, ,qut]T and wy = [wi,t,- - ,wN,t]T. The compact representation
of the N-agent system is given by

Global system dynamics

Ti41 = Az + Bug + wy, 2)

where A = diag(A1, ..., An), B = diag(Bs,...,Bn).
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System Objective

Agent ¢ instantaneous cost at time ¢

Ci(wie,uie) = (Tig — 1it) Qilwie — i) + (wie) Ri(uiye), Qi >0,R; >0 3)
Agent i terminal cost
Cir(zir) = (xir —rir) Qir(Tir —rir), Qix >0 €]
Global system instantaneous and terminal costs
N N
Uweyue) =Y lilwig,ui), Lr(er) =Y lir(zir). )
i=1 =1

1=
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Problem Formulation

Problem 1
Choose a control trajectory u : [0, T — 1] — R™ to minimize
T—1
J(u) =B (i, u) + Ebr(zr) (6)
t=0
subject to the dynamics (2) and the equality constraint
1, ut = ct, vt e [0,T —1]. @)
y

Reminder:
N

N
Uy, up) = Z&(xi,t, Wit) = Z (i — i) Qilwie — i) + uj Riuie)
=1 =1

» ¢; € R: total consumption requirement at time ¢ € [0,7 — 1].

> My 1= va: 1 d’;: dimension of the input vector ;.
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Problem Illustration

N
Aggregate equality constraint: ]limmut = Zum = ¢ Vt
i=1

ug, ¢
= (=]

us,t dispatch
= A“

U4t
= [ 7]

: Aggregator (virtual power plant)

UN,t : Renewable plant supply c¢

B A

N heterogeneous agents 4 household & EV labusiness

The aggregator dispatches (u;,+);—; so the population sum exactly matches the renewable supply c:.
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Main Results for Problem 1

Theorem 1

Let P : [0, T] — R™ ™ gnd s : [0,T] — R™ be the solutions of the following backward recursions

Pt :Q+ATPt+1A—ATPt+1BFtBTPt+1A (8)
st = [AT — ATP1 BT B"] si41 + A" Piy1 By — Qry 9)
with the final conditions Pr = Q1 and st = —Qrrr, where
Qflllm ]lT Q71 -1 m
T, = Q;l e tot_l’mmx t 7 = Qt ]I-_lmlct
IL:’rntht ]'mlol IL:’rntht lmtm
Q=R+ B"Py1B.
Then the optimal control strategy for Problem 1 is given by
U = 7Ft(BTPt+1AZCt + BTSt+1) + v, Vt € HO,T - 1]]. (IO)J

T
Mot

T
Mot

Reduces to [SIDERIS-RODRIGUEZ 2010] when w; = 0 and to standard LOR if the constraint is dropped; extends [KROKAVEC
2008]1-[2014] from state- to control-equality constraints.

Ty projects onto {u : 1 w = 0} in the Q;l—inner—product; ¢ is the feasibility shift making 1 Ut = Ct.
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Proof of Theorem 1 (outline)

Value function:

Utyery U —1

T—1
Vi(z)= min E Z Lzr,ur)+ ET(IT)’$t = z:| . (11)
T=t

1. Bellman recursion + value-function ansatz. Write the Bellman equation

Vi(z) = } ]1Tmin . {|= —Tt\2Q + [u|% + EVig1(Az + Bu +wy) 1,
: t

Mot

and postulate
Vi(z) = 2" Pz 4 2s] 2 + g

2. Inner constrained minimisation via KKT. Plugging the ansatz reduces the inner problem to
ming {[ulg), + 2u” fi(2)} st 1], u = ¢¢, with Q¢ = R + BT P11 B. The KKT conditions yield

ut = —T¢ (BT Pyp1Azt + B se1) + 1.

3. Identify P;, s; recursions by matching coefficients. Substituting u; back into the Bellman equation and matching
the quadratic, linear, and constant terms in z recovers the backward recursions for P; and s¢ and confirms the ansatz.
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Numerical Example: Parameters

System Overview

» N = 50 residential batteries.

» Time Horizon: T' = 24 hours, with At = 1 h.
» z; 4 State-of-Charge in kWh.

» wu; ¢: Charging/discharging in kW.

» Dynamics: x; ¢4+1 = A;xi¢ + Biui ¢ + w; ¢ with
A; € [0.96, 0.99], B; =1, Wit ~ N(O, 1) and ;0
uniformly drawn from [40%, 60%].

> Cost Weights: Q; = Q; 7 = 1, R; = 0.01.

Léo Seugnet and Shuang Gao

Constraint

> c;: Total excess solar generation from real-world
Montreal-East data.

» Hard Constraint: 17

Mot Ut = Ct.

> The batteries are equally divided into two classes v and
[ with distinct SoC targets:

Class  Target SoC (r; ;)
a 80%
8 40%
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Numerical Example: Simulations

Hard Constraint activation for the full duration

250 130 100
< =
X X
=¥ {20 = —
= 00 % g\i 80
B ‘ | = o
§150 10 = S &0
2 © g
£ 100 0 £ 5 ‘
o > G 40§
5 50 10 8 o
; [0} - s
8 3 2 -
5 O 20 3 @ 20
|§ ’—O—Z Ujt— = —Ct Ut E
-50 -30 0 , . . ,

time step (hours) time step (hours)

(a) Constraint verification (b) Reference tracking
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Generalizations I : Intermittent Hard Constraints
Problem Formulation
Denote the set of time steps with active constraint by

S:={te[0,T—-1] | o(t) =1}
where o : [0,T — 1] — {0, 1} satisfies

) {1 if the hard constraint is active at time t¢;
g =

0 otherwise.

Problem 2 (Intermittent hard constraints)
Choose a control trajectory u : [0, T — 1] — R™ to minimize

T-1

J(us) =B Y l(we, us) + Ebr(zr)

t=0
subject to the dynamics (2) and the intermittent equality constraint
1,,,u=c, YteSC[0,T—1]

where ¢, € R represents the intermittent total consumption requirement at time t € S C [0,T — 1].

12)

13)
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Generalization I: Intermittent Hard Constraints
Results

Proposition 1

Let P : [0, T] — R™ ™ and s : [0, T] — R™ be the solutions of the backward recursions of Theorem I
where
o7 1,17, 07t Q7 '1,, .
Ot - LT el o (t) = 1 e o (t) = 1
Iy = ]llr-nm.Qt ]lmlol Yt = ]lhmtﬂt ]]'mlol
ot ifo(t) =0 Omigx 1, ifo(t) =0
Q=R+ B'Py1B.
Then the stochastic optimal control strategy for Problem 2 is given by
U = —Pt(BTPt+1A:Et + BT8t+1) + v, Vt € [[O,T — 1]]. (14)4
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Generalization I: Intermittent Hard Constraints

Numerical Simulation

Hard constraint activation only when excess power is available (o (¢) = 1)

_ 400 40 _ 160
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a = o)
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o 2 n 20
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kel £

-400 : : -20 0
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time step (hours) time step (hours)

(a) Constraint verification (b) Reference tracking
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Generalizations II: Intermittent Soft and Hard Constraints

Problem Formulation

Global system instantaneous cost at time ¢
€ (e, ue) = L(we, ue) + (1 — o (t)) (L, ue — cb)’, (15)

and at terminal time 7', 3 (x7) = 7 (x7), where p > 0 is a scalar penalty weight.

Problem 3 (Intermittent soft and hard constraints)

Choose a control trajectory u : [0, T — 1] — R™ to minimize

T-1
J(ue) =B € (@i, us) + By (1) (16)
t=0
while respecting the following constraint
1, ue=c, VteSC[0,T—1] an

where ¢, € R represents the intermittent total consumption requirement at time t € S C [0,T — 1].

Léo Seugnet and Shuang Gao Discrete-Time LQ Stochastic Control with Equality-Constrained Inputs: Application to Energy Demand Response 16/19



Generalizations II: Intermittent Soft and Hard Constraints
Results

Proposition 2

Let previous assumptions hold and let P : [0, T] — R™*™ gnd s : [0, T] — R™ be the solutions of the
backward recursions of Theorem I where
9711 ]lT Qfl —1 m
Q;l _ 5 mlol_l”nwl t , lfo'(t) -1 Qt ﬂ_ltotct , lfCT(t) -1
Ft = ]]'Intht ]lmlol Yt = :ﬂ.;[met Il'mtm
ot ifo(t)=0 nedl; "y,  ifo(t) =0
Q=R+ B'P.1B, II; = R+ B"Piy1B + nlimg 1,
Then the optimal control strategy for Problem 3 is given by
Ut = —Ft(BTPt+1Axt + BTSt+1) -+ Yt s \V/t S [[O,T — 1]] (18))
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Generalizations II: Intermittent Soft and Hard Constraints
Numerical Simulation (Scenario 1)

Soft constraint applied when hard constraint is inactive (o (¢) = 0)
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(a) Constraint verification (b) Reference tracking
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Conclusion and Future Work

Summary of Contributions
» Stochastic LQ control with hard equality constraint: Closed-form optimal gain via projection
» The Riccati structure for intermittent-hard equality constraints

» Computational cost reduction (compared to Quadratic Programming).
O(T°N*(2n +m)®) — O (TN? (n® + m® + n*m + nm?))

y
Future Work
» Decentralized control with hard constraints (e.g. Mean Field Games with constraints).
> Variations of constraints (e.g. interval constraints, network-coupled constraints, random constraints).
y

Thank you!
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Proof of Theorem 1 (full derivation)

The cost of Problem 1 can be written as follows

T—1
J(us) =B [lae = relg + |wi|®] + Elor — o3,
t=0

Let V;(z) be the optimal cost-to-go (or the value function) at ¢ starting from z; = z, defined as

Utyee, W — 1

Vi(z) = min E iﬁ(mT,uT) + 4 (xr)|Te = Z:| .

T=t
We proceed by backward induction, assuming the value function at time ¢ is of form
Vi(z) = 2" Pz + 2si 2 + q:
The Bellman recursion is as follows

Vi(z) = min {|z — o} + Jul} + E [Visr (A +u+ w)]}
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Proof of Theorem 1 (full derivation)

subject to the constraint IL,Tmmut = ¢;¢. Assuming the previous form of the value function (20), the Bellman
recursion can be written as

Vi(z) = |z =7l + |2[arp, 4 + 25041 Az + tr(W Pyy1)
+ ge41 + min {luld, +2u" fi(2)}

using ]E(thHPtHth) = tI'(WPH_l), where Qt = (R =+ BTPH_lB) and
fi(z) = (B"Piy1Az + B"s;41). To respect the constraint 1, u: = c¢, we introduce the following
Lagrangian function
L(u,\) = u' Quu+ 2u" fi(2) + A1), u — cr)
The KKT conditions give 2Qu + 2f;(2) + AL, = 0, which implies u = —Q; " (fi(2) + 3 Lunyy.)-

Substituting this into the constraint Il:n[mut = ¢; yields the Lagrange multiplier term

A _ _ﬂInlolQ;Ift(Z) +c

2 Il-:rrnlolﬂt_lﬂmlol
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Proof of Theorem 1 (full derivation)

Plugging this back into the expression for w yields the optimal action
uZ = —Ft (BTPt+1AJ,‘t =+ BTSt+1) + Yt where

-1 T -1 —1
Qt Ilmmt 1m[mQt Qt lm[m Ct

—1
Ft =0 — =
t 1 ) Ve 1 .
T T
]lmlolﬂt ]l'mwt ]lm(mQt ]lmtm

Finally, by substituting the optimal control u; back into the Bellman equation and by substituting the
expression for f;(z), we have

Vi(z) = 2" [Q L AP A+ ATPtHBFtBTPtHA} 2

T
+ 2[ (AT — A"P, BT\ B") s¢41 + A" Pry1 By — Qﬁ] z
+ qi+1 + I‘/T(Rl’/ + Tr(W P, L)JF”TQ/T/ + 2-‘?7 1 Byt — ‘/T 1/’)I‘//’)T”‘/ 1-

We recognise the form V;(z) = 27 P,z + 2s] z + ¢, which confirms our previous assumption on the form of
V4. The identification gives us

Po=Q+A'Py1A— A"P, 1 BTy B"Py1 A
St = [AT — ATPtJrlBFtBT] St+1 —+ ATPt+1B’}/t — Q?"t.
|
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Generalizations II: Intermittent Soft and Hard Constraints

Numerical Example (Scenario 2): Peak-shaving Setup
System overview

» Dynamics: z; t+1 = A;ixq,¢ + Biui ¢ + wi s,
A; €[0.995,0.999], B; = 0.25 MWh/MW,
wi.e ~ N(0.3), initial SoC z;.0 = 70%.

» N = 800 energy-storage clusters.
» Horizon T' = 96 intervals (24 h, At = 15 min).

> State-of-charge in MWh (capacity 100 MWh); control w; ¢
in MW.

Demand-response constraint

T
]lmlmut =c¢, VEES

P Peak-shaving window S: 5:45 AM to 8:30 AM.

P c;: total discharge needed to flatten Quebec grid demand below

32,500 MW.

P Soft penalty weight n = 10.

x10% 15-minute Quebec demand (03/03/2026)

P Cost weights Q; = Q;, 7 = 1, R; = 0.01.
ghts Q; Qir R 0.0 el _ =1 _ —— Grid consumption {2000
§ g a(t)=0 o(t)= ot)=0 |____ ¢; (Constraint)
Reference s34 {1000 §
=
[ Class [ TargetSoC (i) | g3.2( =
[ Allagents | 70% (JOMWh) | 3 af s ° £
o) 1 o <t
& ! Z
2281 v 1-1000 §
E 26 \ 1 v
- (Y
24l 1-2000
00:00 06:00 12:00 18:00 00:00
time Mar 03, 2026
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Generalizations II: Intermittent Soft and Hard Constraints

Numerical Simulation (Scenario 2): Constraint & Tracking

Soft constraint applied when hard constraint is inactive (o (t) = 0)

s e 100 ¢

= 0 30 =

= 20 =

S 500 P = 80y

i) ) ~

s 10 = 0
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(a) Constraint verification (b) Reference tracking
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Generalizations II: Intermittent Soft and Hard Constraints

Numerical Simulation (Scenario 2): Grid Consumption Impact

15-minute Quebec demand — before vs. after coordinated dispatch

%104
36 10
= Original grid consumption
% 34+ ! | |——— With network of residential batteries
=1
=
@
IS
()
ke
§C)
>
£
£
To)
| 1 1 1
0 5 10 15 20
time (h)
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